THE PRIME IDEAL STRATIFICATION AND THE 
AUTOMORPHISM GROUP OF U+ S {B 2 ) 



XIN TANG 

Abstract. Let g be a finite dimensional complex simple Lie alge- 
bra, and let r, s £ C* be transcendental over Q such that r m s n = 1 
implies m = n = 0. We will obtain some basic properties of the 
two-parameter quantized enveloping algebra U+ s (q). In particular, 
we will verify that the algebra U^~ s (q) satisfies many nice proper- 
ties such as having normal separation, catenarity and Dixmier- 
Moeglin equivalence. We shall study a concrete example, the al- 
gebra C/+ S (i?2) in detail. We will first determine the normal ele- 
ments, prime ideals and primitive ideals for the algebra U^~ a (B2), 
and study their stratifications. Then we will prove that the alge- 
bra automorphism group of the algebra t/+ s (i?2) is isomorphic to 
(C*) 2 . 



Introduction 

The two-parameter quantized enveloping algebra U T ^{s[ n ) has been 
studied in [Tj, [HI [29] . The two-parameter quantized enveloping algebras 
U rtS (g) have been studied for the finite dimensional complex simple Lie 
algebras q of other types in the literatures jU [TU] and the references 
therein. It is easy to see that two-parameter quantized enveloping 
algebras C/ r ,s(fl) are close analogues of the one-parameter quantized en- 
veloping algebras U q (g). On the one hand, they share many common 
features with their one-parameter analogues. For instance, the two- 
parameter quantized enveloping algebras U r , s (Q) are also Hopf algebras 
with natural Hopf algebra structures, and they admit triangular de- 
compositions. Furthermore, these Hopf algebras can be realized as the 
Drinfeld doubles of their Hopf sub-algebras. On the other hand, they 
do have some different features in both the structure and representation 
theory HE HE]. 
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In order to study the structure of U rtS (g), one is led to first study 
the two-parameter quantized enveloping algebras U+ S (g). In references 
[28l 130] , these algebras have been investigated from the point of view 
of two-parameter Ringel-Hall algebras. Indeed, the algebra U+ S (g) can 
be presented as an iterated skew polynomial ring, and a PBW basis 
has been constructed for U+ S (g). Furthermore, all the prime ideals of 
the algebra U+ S (g) are proved to be completely prime ideals based on 
a mild condition on the parameters r, s. 

Historically, there has been much interest in the study of prime ideals 
and automorphism group of quantum algebras including the quantized 
enveloping algebra U q (g) and their subalgebras, for example [Tl |2[ 13] 125] . 
Recently, the automorphism group problem has been settled for the al- 
gebra Ug(g) in some special cases. The automorphism group of (sis) 
was settled by Alev and Dumas in [2] and by Caldero independently 
in [IT]. Furthermore, the automorphism group of the algebra U^(sl^) 
was determined in [22]; and the automorphism group of the algebra 
Uq(Bo) was determined in [20]. In the latter two cases, the central ele- 
ments and the normal elements (or equivalently the prime and primitive 
ideals) have played an important role in the determination of the au- 
tomorphism group. Unfortunately, it still remains a difficult question 
to determine the automorphism group for any general U^(g), although 
it was conjectured in [3] that the automorphism group is isomorphic 
to the semi-direct product of a torus with the group of algebra auto- 
morphisms induced by the symmetries of the Dynkin diagram. To get 
a better picture on the two-parameter quantized enveloping algebra 
U+ S (g), it is natural to study the prime ideals and the algebra auto- 
morphisms of the algebra U^~ s (g). Once again, the determination of 
the normal elements might contribute to a better understanding of the 
prime and primitive ideals of U^ s (g), and thus the automorphism group 
oiU+(g). 

In this paper, as one step forward, we will first derive some back- 
ground information on prime and primitive ideals of the algebra U^ s (g). 
Since the defining relations of the algebra U^ s (g) are homogeneous, 
there is a torus (denoted by H) acting on the algebra U+ S (g). There- 
fore, we can apply Goodearl-Letzter stratification theory [151 ELY] to 
study the prime and primitive spectra of the algebra U+ S (g). Indeed, 
we will prove that the number of H— invariant prime ideals of the al- 
gebra Ur S (g) is equal to the cardinality of the Weyl group associated 
to the Lie algebra g. We will use the fact that the algebra Uf s (g) is 
indeed a cocycle twist of the one-parameter quantized enveloping al- 
gebra Uq(g), whose %— invariant prime ideals were proved by Gorelik 
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[18] to be parameterized by the elements of the Weyl group. We will 
also verify that the algebra U+ S (g) have nice properties such as normal 
separation and being catenary Additionally we will show the Dixmier- 
Moeglin equivalence holds for the algebra U+ S (g); thus, the primitive 
ideals of U^ s (g) can be recognized as the maximal elements in each 
prime stratum. 

We will study a particular case, the algebra U+ S (B 2 ) in terms of 
its normal elements, prime ideals, primitive ideals, and automorphism 
group. We will first determine all the normal elements of U^~ S (B 2 ). As 
a result, we determine all the prime and primitive ideals of U^ S (B 2 ) 
and describe their stratifications. In particular, we will prove that the 
automorphism group of the algebra U^ S (B 2 ) is a torus of rank two. 

As in the one-parameter case, one may conjecture that the automor- 
phism group of U+ S (g) is isomorphic to the semi-direct product of a 
torus with the group of algebra automorphisms induced by the sym- 
metries of the corresponding Dynkin diagram. Both the result in [9] 
and the result in the current paper serve as positive evidences toward 
the truth of this conjecture. In a paper [33] which is currently under 
preparation, we will address the automorphisms and derivations of the 
two-parameter quantized enveloping algebra f/ r 4 s (s[ 4 ). In particular, 
we shall manage to prove that such a conjecture is true for the algebra 
U+ S ( $ U). 

The paper is organized as follows. In section 1, we recall the defini- 
tion and some basic facts about the two-parameter quantized envelop- 
ing algebra U+ S (g). In Section 2, we will study the normal elements, 
prime ideals, and primitive ideals for Uf s (g). In Section 3, we treat a 
particular case, the algebra U+ S (B 2 ). 

1. The two-parameter quantized enveloping algebra 

In this section, we recall the definition of the two-parameter quan- 
tized enveloping algebra U^ s (g) and its Ringel-Hall algebra realization. 
In particular, we will recall how the algebra U^ s (g) is presented as an 
iterated skew polynomial ring and the construction of its PBW basis. 

1.1. The definition of the algebra U+ S (g). Let g be a finite dimen- 
sional complex simple Lie algebra. The two-parameter quantum group 
U r , s {g) associated to the Lie algebra g has been studied by many au- 
thors in the literatures [7J El H] therein. Moreover, the subalgebras 
U^s(g) and U+ S (g) of U rjS (g) have been further studied in [281 [30] from 
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the point of view of two-parameter Ringel-Hall algebras. In this sub- 
section, we will recall the definition of U+ s (q) and some of its basic 
properties. 

Let n be the rank of the Lie algebra g and let I = {1, 2, • • • , n}. Let 
us denote by C = (aij)i,jei the Cartan matrix associated to the Lie 
algebra g. Let {di \ i £ 1} be a set of relatively prime positive integers 
such that didij = djdji for i, j £ I. We will choose two complex numbers 
r, s £ C* which are transcendental over Q in such a way that r m s n = 1 
implies that m = n = 0. And we will always set = r di , Sj = s di . 

Let us denote by (—,—) the Ringel form (or Euler form) defined on 
the root lattice Q = Z™ where n is the rank of the Lie algebra q. Recall 
that this bilinear form is defined as follows 

{didij, ifi<j, 
di, if i = j, 
0, ifz>j. 

Note that there is a uniform definition proposed for the two-parameter 
quantum group U riS (g,) in [T^], and we will recall the following defini- 
tion of the two-parameter quantized enveloping algebras U^~ s (g) using 
the notation in [19] . 

Definition 1.1. (See also [HE]) The two-parameter quantized envelop- 
ing algebra U+ S (g) is defined to be the C— algebras generated by the 
generators subject to the following relations: 

E(-i)*P " aij ) ^"^"V? = °> n 

k=0 ^ ' r i s i 1 

where = (fjS^ 1 ) 2 \ k ^>^s~ k ^ for i ^ j, and for a symbol v, we 
set up the following notation: 

v n - 1 

(n)„ = -, (n) v \ = (l) v (2) v ---(n) v , 

v — 1 

(JrwiAw' for,! - fc - ' 

and (0)J = 1. 

In the case of the Lie algebra $j = sl n+ i, the two-parameter quantized 
enveloping algebra U+ s (sl n+ i) is indeed generated by the generators 
e±, e-i, • • • ,e n subject to the following relations: 

e*e i+1 - (r + s)eie i+1 ei + rse i+1 e* = 0, 
eje- +1 - (r + s)e i+1 eie i+1 + rse 2 i+l Ci = 
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for i = 1, 2, • • • , n — 1. It is obvious that the two-parameter quantized 
enveloping algebra U^ s (g) is actually a subalgebra of the two-parameter 
quantum group U rjS (g,). 

For later on purpose, we need to introduce a gradation on the algebra 
U+ s (q). Let us denote by Z n the free abelian group of rank n, with 
a basis denoted by zi,Z2,--- ,z n . Given any element a G Z n , say 
a = ^ajZj, we shall set |a| = Y2 a i- By assigning to the generator 
et the degree z iy the algebra ^^(jj) shall become a Z n — graded algebra. 
Given any a G Z™, we shall denote by U^ s (o) a the set of homogeneous 
elements of degree a in U^ s (g). It is easy to see that we have the 
following decomposition of the algebra Uf s (g): 



1.2. Two-parameter Ringel-Hall algebra H rjS (A). Let be a fi- 
nite field. It is well-known that there is a finite dimensional Hereditary 
A;— algebra A associated to the Lie algebra q. We denote by V the set 
of all isomorphism classes of finite dimensional A— modules. Thanks 
to the existence of Hall polynomials, a two-parameter twisted generic 
Ringel-Hall algebra H r ^ s (A) has been constructed in [28j[30]. The al- 
gebra H rjS (A) has been successfully used to study the algebra U+ s (q). 
More general work along the multiparameter quantized enveloping al- 
gebras and their realizations can be found in [25]. First of all, we will 
recall the construction of H rtS (A), and some of its basic properties here. 

Let us denote by H rtS (A) the C— linear space spanned by the set 
{u a | a G V}, and let us define a multiplication on the C— linear space 
H ryS (A) as follows: 

u a u p = s'^F^irs- 1 )^, for any a, /? G V. 
xev 

Then it is easy to see that H r ^ s (A) is an associative C— algebra under 
the above multiplication. In addition, H r s (A) is a graded algebra whose 
elements are graded by the dimension vectors. According to [30], we 
can further choose elements Xi in H r ^ s (A) for % = 1, 2, • • • , m, where m 
is the number of positive roots, such that the following result is true. 

Theorem 1.1 (Theorem 2.3.2 in [30]). The monomials X^ 1 ^ ■ ■ -Im™' 
with a(l), • • • , a(m) G M form a C— basis of the algebra H rjS (A); and 
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for i < j, we have 



XjXi 



(dim Xi ,dim Xj ) — (dim Xj ,dim Xj } j^" 



coefficients 0(0*4.1, • • • , Oj_i) m Q(r, s). i/ere i/ie index set 
is the set of sequences (cti+i, • • • %-i) 0/ natural numbers such that 
YsLi+i a * a t = a ; + aj . 

□ 

Note that by a prime ideal of A, we mean a proper two-sided ideal 
I G A such that aA6 C / implies a e / or b G /. A prime ideal P 
is called completely prime if A/P is a domain, or equivalently ab £ I 
implies a G P or b G P. The previous theorem implies that H r>a (A) 
can be presented as an iterated skew polynomial ring, and thus it has 
a PBW basis. Thanks to [17], we know that all prime ideals of H rtS (A) 
are completely prime under the condition that the multiplicative group 
generated by r, s is torsion-free. Thanks to the results in [28, 30J, one 
further knows that the two-parameter quantized enveloping algebra 
U^ s (g) is indeed isomorphic to the two-parameter Ringel-Hall algebra 
H rjS (A). We should also mention that this isomorphism is indeed a 
graded isomorphism. Therefore, we shall have the following result. 

Theorem 1.2. The algebra U,^ s (g) is an iterated skew polynomial ring. 
In particular, all prime ideals of U^ s (q) are completely prime. 

□ 

In addition, one should note that the two-parameter quantized en- 
veloping algebra U^ s (g) is indeed a cocycle twist of the one-parameter 
quantized enveloping algebra U+(q). Let us explain in a little of de- 
tail. Note that the one-parameter quantized enveloping algebra Ug(g) 
is isomorphic to the one-parameter Ringel-Hall algebra H v v -i (A) with 
v 2 = q; and the two-parameter quantized enveloping algebra Uf s (g) 
is isomorphic to the two-parameter Ringel-Hall algebra H r>s (X). Both 
isomorphisms are indeed graded isomorphisms. In addition, it is obvi- 
ous to see that both the algebra H v>v -i(A) and the algebra P r>s (A) are 
graded by the same group, and the algebra H rtS (A) is a cocycle twist of 
the H v v -i(A). Indeed, one can define the cocycle twist of the algebra 
H vv -i (A) as follows 

x*y = (-iT 1 s" 1 )^ xy 
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for any x G U^ s (o)^,y G U+ s (o)v Then it is easy to see that this 
cocycle twist (the algebra with the new multiplication *) is isomorphic 
to the algebra H r>s (A) under the condition that rs _1 = v 2 . 

1.3. The normal elements of the algebra U+ S (g). Recall the cen- 
tral elements and normal elements of the one-parameter quantized en- 
veloping algebra Ug(g) were described by Caldero in pm [TT]. And 
the central elements and normal elements have played an important 
role in the study of prime ideals and automorphisms of the algebra 
£/+(g). It is expected that the central elements and normal elements 
of U* s (q) shall play an equally important role in the determination of 
prime ideals and automorphisms of the algebra U^ s (g). 

In this subsection, we shall derive some preliminary information on 
the normal elements of the algebra U^~ s (q). In particular, we will prove 
that the normal elements of U^ s (g) can be described as r — s— central 
elements of Uf s (g). We need to adopt an approach used by Caldero 
[IT] for the one-parameter quantized enveloping algebra U£(q). The 
following definition mimics the one stated in [TTj . 

Definition 1.2. Let A be a C— algebra and r, s G C* be transcendental 
over Q such that r m s n = 1 implies m = n = 0. Two elements u, v G A 
are called (r, s)— commuting if we have uv = r m s n vu for some integers 
m, n. An element in A is called (r, s)— central if it is (r, s)— commuting 
with the natural generators of A. 

First of all, we have the following lemma. 

Lemma 1.1. The normal elements of the algebra U^ s (q) are exactly 
the (r, s) — central elements. 

Proof: (The proof is an adoption of the one used by Caldero in 
[IT]). First of all, it is obvious that the r — s— central elements of 
^rs(s) are normal elements of U+ s (q). Now let a be a non-zero normal 
element of U+ S (g). Suppose that a = X]/3gq+ a /? i s a decomposition of 
the element a in the algebra U+ S (g) = /3eQ + U£ g (g)p where Q + is the 
positive part of the root lattice. Since a is a normal element of Uf s (g), 
we have aXi = X-a, where Xj are root vectors corresponding to the 
simple roots of the Lie algebra g. By considering the weights, we shall 
have apXi = X[ap for some X[. Therefore, we shall have X[ = AjJfj 
for some Aj G C. In particular, we shall have A, = r mi s ni . Therefore, 
we have finished the proof of the statement. □ 

1.4. Quantum unique factorization domains. The notion of a 
noncommutative unique factorization domain was introduced by Chat- 
ters [TJ] and were further studied in [13] . Recall that an element p of a 
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noetherian domain R is said to be prime if pR = Rp and pR is a height 
one prime ideal of R and R/pR is an integral domain. A noetherian 
domain R is called a unique factorization domain (noetherian UFD) 
provided that R has at least one height-one prime ideal, and every 
height-one prime ideal is generated by a prime element. 

Many examples including universal enveloping algebras of finite di- 
mensional solvable Lie algebras and their one-parameter quantizations 
are noetherian UFDs. As a matter of fact, it has been proved that 
many iterated skew polynomial rings are UFDs under some mild con- 
ditions. In particular, the result (Theorem 3.7 in [23J) states that if A 
is a torsion-free CGL-extension (Cauchon-Gooderal-Letzter extension) 
[T7J [H], then A is a UFD. To proceed, we recall the following definition 
of the CGL extensions from reference [23J. 

Definition 1.3 (Definition 3.1 in [23J). An iterated skew polynomial 
extension A = fc[xi][x 2 ; o 2 , £2] " • [ x n] °~m $n] is said to be a CGL exten- 
sion (after Cauchon, Goodearl and Letzter) provided that the following 
list of conditions are satisfied: 

• With Aj := k[xi][x2] 0-2,62] ■■■ [xj] aj,5j] for each 1 < j < n, 
each ex., is a k— automorphism of Aj\, each 5j is a locally nilpo- 
tent A;— linear Oj — derivation of Aj\ , and there exist nonroots 
of unity qj G k* with ajdj = qjSjO-j] 

• For each i < j there exists a Xji such that Oj(xi) = XjiX^, 

• There is a torus H = (k*) r acting rationally on A by A;— algebra 
automorphisms; 

• The Xi for 1 < % < n are TL— eigenvectors; 

• There exist elements hi, • ■ ■ ,h n G % such that hj(xi) = <Jj(xi) 
for j > i and such that the hj —eigenvalue of Xj is not a root of 
unity. 

Now it is easy to verify that we have the following result about the 
algebra U+ a (g). 

Theorem 1.3. The algebra U^~ s (g) is a torsion-free CGL-extension. 
In particular, the algebra U^~ s (q) is a noetherian UFD. 

□ 

2. Prime and Primitive ideals of the algebra U+ S (g) 

2.1. The 'H-stratification of Spec(U+ s (g)) and Prim(U+ s (g)). In 
this subsection, we will apply the stratification theory to the prime 
spectrum and primitive spectrum of the algebra U^ s (g). We denote 
by Spec(U+ s (g)) the set of all prime ideals of the algebra U+ S (g). And 
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we denote by Prim(U+ s (g)) the set of all primitive ideals of the al- 
gebra U+ S (g). We first recall some results on the stratification theory 
developed by Goodearl and Letzter [T71 [15]. As a matter of fact, the 
stratification theory produces partitions of the prime and primitive 
spectra by using the action of a torus on the algebra U^ s (g). 

Let 7i = (<C*) n , we define an 7i— action on the algebra U+ S (g). 
Since the defining relations of the algebra U^ s (g) are homogeneous, 
we can define a torus 7i— action on the algebra U^ s (g). Indeed, let 
h = (Ai, A 2 , • • • , A n ) G 7i, we can define the action of h on the genera- 
tors ti of U+ S (g) as follows: 

for i — 1, 2, • • • , n. A non-zero element x in the algebra U+ S (g) is called 
an 7i— eigenvector of U^ s (g) if we have hx G Cx for all h G 7i. An ideal 
/ of the algebra U* s (g) is called 7i— invariant if we have hi = I for all 
h G 7i. We denote by 7i — Spec{U^ s {g)) the set of all 7i— invariant 
prime ideals of U^ s (g). First of all, by a theorem of Goodearl and 
Letzter about iterated skew polynomial rings, we know that this set is 
finite. 

In the one-parameter case, it was also proved by Gorelik in [18] 
that the set Spec-^(Ug(g)) is parameterized by the elements of the 
corresponding Weyl group. Thanks to the fact that the algebra U+ S (g) 
is a cocycle twist of the algebra {/+ (g) and the cocycle twist establishes 
a one-to-one correspondence between the set of 7i— invariant prime 
ideals of U+(g) and the set of 7i— invariant prime ideals of U£ s (g), we 
have the following proposition. 

Proposition 2.1. The number of 7i— invariant prime ideals of the 
algebra U+ S (g) is finite. In particular, the 7i— invariant prime ideals 
of the algebra U^ s (g) are indexed by the elements of the Weyl group 
associated to g. 

□ 

Using Goodearl-Letzter stratification theory, the action of the torus 
7i on the algebra U+ S (g) allows us to construct a partition of the prime 
spectrum Spec(U+ s (g)). Suppose that J is an 7i— invariant prime ideal 
of Uf s (g), we denote by Specj(U^ s (g)) the 7i— stratum of the prime 
spectrum Spec(U+ s (g)) associated to the ideal J. Recall that we have 
Specj(U+(g)): = {P G Spec(U+ (g)) \ n heH hP = J}. And the 
"H— strata Specj(U^ s (g)) where J G 7i — Spec(U^~ s (g)) form a partition 
of the prime spectrum Spec(Uf s (g)) as follows: 

- Spec(U r, s (s)) 

Specj(U+ s (g))- 
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Naturally, this partition induces a partition of the set Prim(U+ s (g)) 
of all (left) primitive ideals of U+ S (g). Namely, for any J G H — 
Spec(U^~ s (g)), we shall denote primitive stratum corresponding to J 
by 

Primj(U+ s (g)) ■ = Specj(U+ s (g)) H Prim(U+ ( S )). 
Then it is obvious to see that the %— strata Primj(U^ s (g)) where 
J G H — Spec(U^ s (g)) form a partition of Prim{U+ s (g)) as follows: 

Prim(U+ s (g)) = U jGW _ Spec(l/ + {s)) Primj(U+ s (g)). 

2.2. Diximer-Moeglin equivalence, normal separation and cate- 
narity. In this subsection, we establish the fact that the algebra U^~ s (g) 
satisfies the Diximer-Moeglin equivalence; and it has normal separation 
and is catenary. 

Let k be any field and A be a A;— algebra. Recall that a prime ideal 
P of a noetherian A;— algebra A is called rational provided the center of 
Goldie quotient Fract(A/ P) is algebraic over the base field k. Recall 
that a prime ideal P is called a locally closed point in the prime spec- 
trum spec(A) under the Zariski topology, provided the singleton {P} 
is a closed subset in some Zariski- neighborhood of the point P, i.e., 
the intersection of these primes properly containing P is strictly larger 
than P. We say that the algebra A satisfies the Dixmier-Moeglin 
equivalence if the sets of rational prime ideals, locally closed prime 
ideals, and primitive ideals all coincide. A useful criterion for Dixmier- 
Moeglin equivalence has been established in [IT] and we recall one of 
its versions, which works for many iterated skew polynomial rings with 
a torus action. 

Let 

A = k[yi][y 2 ; r 2 ; S 2 ]--- [y n ; r n ; S n ] 
be an iterated skew polynomial ring over the field k. Let % denote 
a group, whose elements act as A;— algebra automorphisms on A such 
that variables yi, ■ ■ ■ ;y n are all Tl— eigenvectors. For 1 < i < n, let us 
set Ai = k[yi][y2] Ti\ £2] • • • [yf, t%\ Si]. The Theorem 4.7 in [17] states 
that the algebra A satisfies the Dixmier-Moeglin equivalence provided 
that the algebra A satisfies the following three conditions: 

(1) There are infinitely many distinct eigenvalues for the action of 
% onyx. 

(2) Each Ti is a A;— algebra automorphism of Ai-\ and each Si is a 
A;— linear T— derivation of 

(3) For 2 < i < n, there exists hi G H such that the restriction of 
hi to Ai-\ coincides with Tj and the A^— eigenvalue of yi is not 
a root of unity. 
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It is obvious that the element h acting on the algebra U+ a (g) as 
an algebra automorphism, which satisfies the conditions as outlined 
above. Thus via Theorem 4.4 & Theorem 4.7 in [17], we can have 
the following result. 

Theorem 2.1. The algebra U^~ s (q) satisfies the Dixmier-Moeglin equiv- 
alence. In particular, the primitive ideals of A are precisely the prime 
ideals maximal within their H— strata. 

□ 

Recall that the prime spectrum of an algebra A is called catenary 
if for any two prime ideals P C Q c A, all saturated chains of prime 
ideals from P to Q have the same length. In addition, the prime spec- 
trum of an algebra A is said to have normal separation if the following 
condition holds: For any proper inclusion P C Q of prime ideals of 
A, the factor Q/P contains a nonzero element which is normal in the 
factor algebra A/ P. 

Let A be a group-graded algebra. According to [15] , in order to show 
that the algebra A has normal separation, it suffices to show that the 
algebra A has graded-normal separation. Recall that a graded-prime 
ideal P of A is any proper homogeneous ideal P such that whenever 
/, J are homogeneous ideals of A with I J C P, then either JCPor 
/CP. We say that a graded algebra A has graded-normal separation 
provided that for any proper inclusion P C Q of graded-prime ideals 
of A, there exists a homogeneous element c G Q — P which is normal 
modulo P. Once again, we can prove the following result using the 
fact that Ug(g) has normal separation and U+ s (q) is a cocycle twist of 

Proposition 2.2. The algebra U^~ s (q) satisfies the graded normal sep- 
aration, and therefore the normal separation. In particular, every non- 
zero prime ideal contains a non-zero normal element. 

□ 

We say that the Tauvel's height formula holds in an algebra A pro- 
vided the following 

height(P) + GKdim(A/P) = GKdim(A) 

is true for any prime ideal PC A 

To proceed, we need to recall a result from [IB] . 

Theorem 2.2 (Theorem 1.6. in [16]). Let R be an affine, noetherian, 
Auslander-Gorenstein, Cohen- Macaulay algebra over a field, with finite 
Gelfand-Kirillov dimension. If specR is normally separated, then R 



12 



X. TANG 



is catenary. If, in addition, R is a prime ring, then TauveVs height 
formula holds. 

□ 

Let A be Noetherian A;— algebra and let M be a finitely generated 
module over A. Let us denote the Gelfand-Kirillov and homological di- 
mensions of M by GKdim(M), and respectively hd(M). Let us denote 
the global homological dimension of A by gldim(A). Let us further de- 
note by injdim(A) the injective dimension of A. If injdim(A) < oo, 
then A is called Auslander-Gorenstein provided that A satisfies the 
condition: for any integer < % < j and finitely generated (right) 
A— module M, we have Exf(M, A) = for all left A— submodules N 
of ExP(M, A). If A is an Auslander-Gorenstein ring of finite global 
dimension, then A is called Auslander-regular. Let us set j(M) = 
min{j : Ext j (M, A) ^ 0}. The ring A is called Cohen- Macaulay (CM) 
if j(M) + GKdim(M) = GKdim(A) is true for all finitely generated 
A— modules M. 

Thanks to the iterated skew polynomial presentation of the algebra 
U^~ s {q), we can easily have the following result by using the Lemma 
established in [21] repeatedly. 

Theorem 2.3. The two-parameter quantized enveloping algebra U^~ s (q) 
is an affine noetherian C— algebra with a finite GK— dimension. More- 
over, the algebra U^ s (g) is an Auslander-regular, Cohen- Macaulay do- 
main. 

□ 

To tie the loose ends up, we have the following result. 

Theorem 2.4. The two-parameter quantized enveloping algebra U^ s (q) 
is catenary. In particular, TauveVs height formula holds for the algebra 

□ 



3. Prime ideals and Automorphism group of the algebra 

U+ S (B 2 ) 

3.1. The algebras U^ s (8ls) and L^ S (S 2 ). Recall that r, s are chosen 
from C* such that r, s are transcendental over Q and r m s n = 1 implies 
that m = n = 0. From reference [7], we shall recall the following 
construction of the algebra U^sls). 



PRIME IDEALS AND AUTOMORPHIMS OF U+ a (B 2 ) 



13 



Definition 3.1. The two-parameter quantized enveloping algebra U^~ s (si 3 ) 
is generated by the generators e±, e 2 subject to the following relations: 

e?e 2 - (r + s)eie 2 ei + rse 2 e\ = 0, 
e i e 2 — ( r + s ) e i e 2^i + rse\ei = 0. 
Let us set the following new variables: 

X 1 = e 1 ,X 2 = e 2 , 
X 3 = X\X 2 — sX 2 Xi, 
-^3 = eie 2 - r 2 e 2 ei. 
Then we shall have the following identities: 

XiX 3 = rX 3 X ly X 2 X 3 = r 1 X 3 X 2 . 

Let us further define some automorphisms t\,t 2 ,t 3 and derivations 
^i,S 2 , £3 as follows: 

T 2 (X 1 )=rX 1 ,6 1 (X 1 ) = 

r 3 {X 1 ) = s- l X 1 , r 3 (X 3 )=r~ 1 X 3 

<f 3 (Xi) = S 3 (X 3 ) = 0. 

For the reader's convenience, we will state the following well-known 
result. 

Proposition 3.1. The algebra U^~ s (sl 3 ) can be presented as an iterated 
skew polynomial ring in that 

U+(sk) = C[X 1 )[X 3 ,t 2 ,8 2 ][X 2 ,t 3 ,6 3 ). 

In particular, the set {XlX^X^i, j, k > 0} forms a PBW-basis of 
U+ S (sl 3 ). The algebra U^~ s (sl 3 ) has a GK— dimension of 3, and every 
prime ideal of U^ s (sl 3 ) is completely prime. 

□ 

It is easy to see that the algebra Uf s (sl 3 ) is a special example of 
the downup algebras as defined in [6]. The primitives ideals of U+ S (sl 3 ) 
were classified as a special case of the results in [27J. The automorphism 
group of U^ s (sl 3 ) was determined to be isomorphic to (C*) 2 as a special 
case of the results recently established in [9]. In the reference [31], using 
the deleting derivation algorithm [H], we have embedded the algebra 
U+ S (sl 3 ) into a quantum torus, which enables us to determine all the 
derivations of U^~ s (sl 3 ) and compute the first Hochschild cohomology 
group for Ur S (5l 3 ). Though most of the results on primitive ideals and 
prime ideals of for the algebra U^~ s (5l 3 ) are well-known, we will recall 
some of them in detail for the purpose of a smooth transition to the 
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case of the algebra U^ S {B 2 ). To state the results for U+ S (sl 3 ), we will 
follow the method used in reference [25] . 

3.2. Normal and central elements of the algebra U+ S (si 3 ). First 
of all, we will recall some detailed information on the normal and cen- 
tral elements of the algebra U^~ s (sl 3 ). We shall verify that the normal 
elements of U^~ s (sl 3 ) are exactly scalar multiples of monomials in the 
variables X 3 = e±e 2 — re 2 e\ and X3 = e\e 2 — se 2 e\. 

Let «i, a 2 be the simple roots of A 2 . We denote by Q the root lattice 
generated by «j and denote by Q + = {f3 = Yui=i Pi a i ^ Q I A — 
For any j3 G Q + , we define 

U+(Bh) p = C - S pan{X{X 3 m X 2 n 

with /9 = lai + m(ai + a 2 ) + na 2 . 

Proposition 3.2. U+ S (sl 3 ) = ©^gg U£ 8 (slz)e- In particular, each 
weight space U^ s (sl 3 )„ is finite dimensional. 

□ 

Note that the U+ S (sl 3 ) also admits a filtration such that in the asso- 
ciated graded algebra, we have the following identities. 

grX x grX 2 = sgrX 2 grX 1 , 
grX x grX 3 = rgrX 3 grX 1 , 
grX 2 grX 3 = r' l grX 3 grX 2 . 

Let X = X\X(X 2 , then we have 

grXigrX = r-'s grXgrXi, 
grX 2 grX = r~ 3 s~ l grXgrX 2 . 

First of all, we have the following obvious lemma. 

Lemma 3.1. Ifx is an (r, s) — central element, then x is (r, s) — commuting 
with X 3 ,X^. 

□ 

Now we have the following theorem on the normal elements and 
central elements of U^ s (sl 3 ). 

Theorem 3.1. N = {c(X 3 y(X' 3 ) j | c £ C,i,j > 0} is the set of all 
normal elements of U^ s (sl 3 ) . The center of U+ S (sl 3 ) is C 

□ 
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3.3. Prime and primitive spectra of the algebra U^^sls) and 
their stratifications. The prime ideals of the quantum Heisenberg 
algebra (isomorphic to £/+(s/ 3 )) were completely described in [25]. The 
method used there can be carried over to our algebra U^sl^) with a 
minor modification. The difference is that the algebra U^~ s (sl 3 ) has 
a trivial center. Using the method in [25], we will give a complete 
determination of all (completely) prime ideals of U^ s (sl 3 ), and we will 
skip most of the details if no confusion arises. 

Note that the subalgebra of ?7+ s (s[ 3 ) generated by Xx,X 3 or by 
X 2 ,X 3 is a quantum plane. By abuse of notation, we will still denote 
this subalgebra by C rjS [Xi, X3]. For the prime ideals of a quantum 
plane, we have the following results from |25j. 

Lemma 3.2 (Lemma 2.1.2 in [25]). Let P be a prime ideal of C r ^ s [Xi, X3] 
such that P n C[Xi] = 0. Then P is a principle ideal generated by the 
normal element X 3 . 

□ 

Proposition 3.3 (Proposition 2.1.3 in [25]). All prime ideals of the 
quantum plane C ns [Xi, X3] are given as follows: 

(0), (Xi), (X 3 ); 
(*i,* 3 ); 

(X^Xs-fi), (X 3 ,X 1 -v). 

for fiv 7^ 0. 

□ 

Now we can derive some results on prime ideals of the algebra {7+ s (s[ 3 ) 
similar to those in [25] . 

Lemma 3.3. Let P be a prime ideal ofU^ s {slz) such that PnC r)S [Xi, X 3 ] 
0, then P is the one of the following: 

(X 3 ), 

(Xl,X 3 ), (X 2 , Xs), 
(Xi,X 2 —Hi X 3 ), (X 3 , X 1 — A, X 2 ), 

(X 3 , Xi, X 2 ). 

with A, /i G C*. 

Proof: (See the proof of Lemma 2.2.1 in [25j) Let P C U+ s (sl 3 ) 
be a prime ideal such that P R C riS [Xi,X 3 ] 7^ 0. If X\ e P, then 
X 3 G P. Suppose X 3 G P, then the ideal P/(X 3 ) is a prime ideal 
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of U+ S (sl 3 ) / (X 3 ) which is isomorphic to a quantum plane C[Xi,X 2 ]. 
Thus we have that P is one of the following prime ideals of U+ S (sl 3 ): 

(X 3 ),(X 1 ,X 3 ), (X 2 ,X 3 ), (X 3 ,X 1 -X,X 2 ), 
(X 3 , X±,X 2 — fj), (Xi, X 2 , X 3 ) 

with A/i 7^ 0. 

If X 1 - A G P for some A ^ 0, then we have (X x - A)X 2 - sX 2 (Xi - 
A) G P. Thus we have X 3 + (s - 1)AX 2 G P. Since (1 - s)A ^ 0, we 
have that X 2 G P. 

To finish the proof, we need to show that the situation (X 3 — A, Xi) C 
P can not happen for any A ^ 0. Suppose we have that (X 3 — /i, Xi) C 
P for some /x^O. Then we have X 3 G P, which implies that we shall 
have n — 0, a contradiction. Thus we have finished the proof. □ 

Because of the symmetry between the variables X 3 ,X 3 , we can also 
have the following lemma. 

Lemma 3.4. Let P be a prime ideal ofU+ s (sl 3 ) such that PnC rjS [Xi, X 3 ] ^ 
and X' 3 G P, then P is given by replacing X 3 by X^ in the previous 
lemma. 

□ 

So far, we have described all prime ideals of the algebra Uf s (sl 3 ) 
which have non-trivial intersections with the subalgebra C riS [Xx,X 3 ] 
or C r)S [X 1 , X' 3 ] . Thus the problem is reduced to further describe those 
prime ideals of U^ s (sl 3 ) which have trivial intersections with the sub- 
algebras C rjS [Xi,X 3 ] and C rjS [Xi , Xg] . We will show that such a prime 
ideal is indeed the zero ideal. The crucial point is to show that every 
non-zero two-sided ideal of U+ S (sl 3 ) contains at least one nonzero nor- 
mal element, and thus any non-zero prime ideal contains either X 3 or 
X' 3 . However, this is true due to the fact that U^ s (sl 3 ) satisfies normal 
separation. Thus, we have the following proposition. 

Proposition 3.4. Let P C U+ S (sl 3 ) be a nonzero prime ideal ofU+ s (sl 3 ), 
then P contains a non-zero normal element ofU+ s (sl 3 ). 

□ 

Now we are ready to state the main result about prime ideals of the 
algebra U+ S (sl 3 ). 

Theorem 3.2. All prime ideals of the algebra U+ S (sl 3 ) are given as 
follows: 

(0),(X 3 ),(X' 3 ), 
(Xi,X 3 ), (X 2 , X 3 ), 
(X 3 , X\,X 2 — /i), (X 3 , X\, X 2 ), (X 3 , Xi — A, X 2 ). 
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Proof: Let P C U^ s (sl 3 ) be a non-zero prime ideal of U+ S (sl 3 ). Then 
P contains a non-zero normal element. Since P is completely prime, 
then P contains either X 3 or X 3 . Thus the theorem follows. □ 

To summarize everything, we state the following result. 

Theorem 3.3. The algebra U+ S (sl 3 ) is catenary and satisfies the nor- 
mal separation. In addition, Tauvel's height formula holds for the al- 
gebra U+ S (sl 3 ). 

□ 

By Spec(U+ s (sl 3 )), we denote the set of all prime ideals of U+ S (sl 3 ). 
By Prim(U^ s (sl 3 )), we denote the set of all primitive ideals of U^ s (sl 3 ). 
Note that the torus "H = (C*) 2 is acting on the algebra U^ s (sl 3 ) via 
algebra automorphisms. In order to describe the 7i— stratification of 
the prime ideal spectrum, we need to single out all the %— invariant 
prime ideals, which are indeed homogeneous ideals. It is easy to see 
that we have the following proposition. 

Proposition 3.5. The H— invariant prime ideals of the algebra U* s (sl 3 ) 
are given as follows: 

(0), (X 3 ), (X' 3 ), (Xi,X 3 ), (X 2 ,X 3 ), {X^X 2 ,X 3 ). 

□ 

Now we describe the %— stratification of the prime ideal spectrum 
for the algebra U^ s (sl 3 ). Namely, we have the following theorem. 

Theorem 3.4. The H— stratification of all the prime ideals of the al- 
gebra U^~ s (5l 3 ) is given as follows: 

Spec i0) (U+ s (sk)) = {(0)}; 
Spec iX3) (U+( S l 3 )) = {(X 3 )}; 
Spec^U+isk)) = {(X' 3 )}; 
Spec (Xl>X3) (U+ s (sh)) = {(X 1: X 3 )} U {(X h X 2 -p,X 3 )\Pe C*}; 
Spec (X2! x 3) (U+ s (sk)) = {(X 2 ,X 3 )} U {(X, - a,X 2 ,X 3 ) \ a e C*}; 

Spec (Xl:X2:X3) (U+ s (sl 3 )) = {(X U X 2 ,X 3 )}. 

□ 

From 0, we have G = Aut(U+ s ($l 3 )) = (C*) 2 . Note that the group 
G is acting on the set of prime ideals. Therefore, we shall further have 
the following result. 

Proposition 3.6. The prime spectrum of the algebra U^~ s (si 3 ) has 6 
H— invariant strata which are exactly G— orbits in the set Spec(U^ s (sl 3 )) 

□ 
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3.4. The primitive spectrum of U^sls) and its H— stratification. 

Recall the primitive ideals of the downup algebras have been investi- 
gated by Praton in [27J, where the primitive ideals are constructed in 
terms of the annihilators of irreducible representations of the downup 
algebras. In this section, we give a determination using the Dixmier- 
Moeglin equivalence. 

Proposition 3.7. (See also ^7\) The primitive ideals of the algebra 
U+ S (sl 3 ) are given as follows: 

(0),(X 3 ),(X f 3 ), 

{X 3 ,X X ,X 2 - f3), (X 3 ,X 1 - a,X 2 ), (X 1 ,X 2 ,X 3 ). 
for a, (3 e C*. 

□ 

In addition, one can easily obtain the following result. 

Theorem 3.5. The H— stratification of the primitive ideals is given as 
follows: 

Prim (0) (U+ s (sl 3 )) = {(0)}; 
Prim {X3) (U+ (sl 3 )) = {(X 3 )}; 
Prim {xD (U+( S k)) = {(X' 3 )}; 
Prim {XuX3) (U+ s (sl 3 )) = {(X 1} X 2 — f3, X 3 ) | (3 E C*}; 
Prim {X2>X3) (U+ s (sh)) = {(X, - a,X 2 ,X 3 ) \ a E C*}; 

Prim {Xl , X2 , X3) (U+ s (sl 3 )) = {(X 1 ,X 2 ,X 3 )}. 

□ 

In particular, we shall further have the following result. 

Corollary 3.1. The primitive strata of U^~ s (sl 3 ) are exactly G— orbits 
in the set of all primitive ideals. Furthermore, the ideal (0) is a primi- 
tive ideal of U^ s (sl 3 ), and thus the algebra U+ S (sl 3 ) is a primitive ring. 

□ 

3.5. Prime ideals and primitive ideals of the algebra U^ S (B 2 ). 
First of all, we need to recall the following definition from reference [I] . 

Definition 3.2. The two-parameter quantized enveloping algebra U^ S (B 2 ) 
is defined to be the C— algebra generated by the generators e±, e 2 sub- 
ject to the following relations: 

2 / 2 , 2\ , 2 2 2 n 

- (r + s )e\_e 2 e 1 + r s e 2 e 1 = 0, 
e i e 2 ~ v + rs + s )e 2 e\e 2 + rsyr + rs + s )e 2 e\e 2 — r s e 2 e\ = 0. 



PRIME IDEALS AND AUTOMORPHIMS OF U+ a (B 2 ) 19 

Now we further recall some basic properties of the algebra U^~ S (B 2 ) 
as established in [32]. First of all, we need to fix more notation by 
setting the following new variables: 

X x = e u X 2 = e 3 = e x e 2 - r 2 e 2 e 1 , 

X 3 = e 2 e 3 - s~ 2 e 3 e 2 , X 4 = e 2 . 

Now we recall the following result from reference [32], whose proof 
is a straightforward calculation. 

Lemma 3.5. The following identities hold. 

(1) X 4 X 2 = s 2 X 2 X i; 

(2) X 1 X 3 = r 2 s 2 X 3 X l ; 

(3) X 2 X 3 = rsX 3 X 2 ; 

(4) X 4 X 4 = r 2 X 4 Xx + X 2 ; 

(5) X 2 X 4 = s 2 X A X 2 - s 2 X 3 ; 

(6) X 4 X 3 = r- 1 s- 1 X 3 X 4 . 

□ 

In addition, let us define some algebra automorphisms r 2 , r 3 , and r 4 , 
and some derivations S 2 ,5 3 , and <5 4 as follows: 

r 2 (X!) = S - 2 X 1? 5 2 (X 2 )=0, 

r 3 (Xa) = r~ 2 s- 2 X u r 3 (X 2 ) = r~ V^, 

5 3 (X 1 ) = 0, 5 3 (X 2 )=0, 

r 4 (X0 = r- 2 X u r 4 (X 2 ) = ^- 2 X 2 , r 4 (X 3 ) = r~ V^, 

5 4 (X a ) = -r" 1 ^, 5 4 (X 2 ) = X 3 , 5 4 (X 3 ) = 0. 

□ 

Then we have the following well-known result on a basis of the alge- 
bra U+ S (B 2 ). 

Theorem 3.6. The algebra U^~ S (B 2 ) can be presented as an iterated 
skew polynomial ring. In particular, we have the following result 

U+ S (S1 3 ) C[X 1 ][X 2 ,T 2 ,8 2 }[X 3 ,T 3 ,5 3 \[X A ,T A ,8 i }. 

The set 

{X?X*X°Xf\a, b,c,de Z> } 
forms a PBW-basis of the algebra U^ S (B 2 ). In particular, the algebra 
U^~ S (B 2 ) has a GK— dimension of 4. 

□ 

Furthermore, using the graded algebra gr{U^ s {B 2 )) of U^ S {B 2 ) asso- 
ciated to its obvious filtration, it is easy to verify directly the following 
result. 
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Corollary 3.2. The center of the algebra U+ S (B 2 ) is reduced to the 
base field C. 

□ 

Following the convention in the case of U+(B 2 ), we may also denote 
the element X 3 by Z. In addition, we shall further set the following 
variable: 

Z' = (X 1 (X 3 + (s^-r~ 1 s- 1 )X 2 X 4 )-s 4 (X 3 + (s- 2 -r- 1 s- 1 )X 2 X 4 )X 1 ). 

For convenience, let us further set a new variable W = X 3 + (s~ 2 — 
r~ 1 s~ 1 )X2X4. Then we shall have the following lemma, which can be 
verified by brutal force. 

Lemma 3.6. The following identities can be verified to hold in U+ S (B 2 ) . 

(1) X X W = r 2 s 2 WX 1 + (1 - r- 1 s)X$; 

(2) X 2 W = s 2 WX 2 ; 



(3) X 3 W = WX 3 ; 

(4) X 4 W = s~ 2 WX 4 ; 

(5) X 1 Z' = r 2 s 2 Z'X i; 

(6) X 2 Z' = Z'X 2 ; 

(7) X 3 Z> = r~ 2 s- 2 Z'X 3 ; 

(8) X 4 Z' = r- 2 s- 2 Z'X 4 . 

□ 

As a result of the previous identities, we know that both the elements 
Z and Z' are r — s— central elements of the algebra U^~ S (B 2 ). Thus both 
Z and Z' are normal elements of the algebra U+ S (B 2 ) because normal 
elements of the algebra U^ S (B 2 ) are just r — s— central elements of the 
algebra U+ S (B 2 ). In addition, we shall have the following lemma, which 
describes all the normal elements of the algebra U+ S (B 2 ). 

Lemma 3.7. The normal elements ofU+ s (B 2 ) are of the form aZ m (Z'y 
where a G C and m,n G Z> . 

Proof: Let u be a normal element of U+ S (B 2 ). Then u is an r — 
scentral element of U+ S (B 2 ). Let us embed the algebra U+ S (B 2 ) into the 
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subalgebra C r)S [ei, ef 1 , Z, Z'\ of the Goldie quotient ring of U^ S {B 2 ). 
Therefore, the element u takes the following format 

u = J2^a, b ,m, n e a 1 e b 3 Z m (Zr- 

Since the element u is r — s— commuting with the elements e\, e 2 , and 
e 3 = e\e 2 —r 2 e 2 e\, the element u shall r—s— commute with the elements 
ei and e 3 . Via direct calculations, we can prove that 

u = ae 1 e 3 Z [Z ) . 

Furthermore, using the fact that the element u is r — s— commuting 
with e2, via direct calculations, we can prove that the element u indeed 
takes the following format 

u = aZ m {Z') n 

for some a G C as desired. Therefore, we have finished the proof. □ 
Furthermore, using the general properties previously established for 
Urs(S>)i we shall have the following result. 

Proposition 3.8. Every non-zero prime ideal of U^ S {B2) either con- 
tains Z or Z 1 . In particular, the algebra U^ S {B2) satisfies the normal 
separation, is catenary; and the TauveVs Formula and the Dixmier- 
Moeglin equivalence hold. 

□ 

The next proposition relates the algebra U^ S (B 2 ) to the algebra 
U+ S (sl 3 ) as previously discussed. 

Proposition 3.9. Let (Z) be the two-sided ideal of the algebra U^ S (B 2 ) 
generated by the normal element Z , then we have the following 

U+ S (B 2 )/(Z) - U+(sh) 

as an algebra. 

□ 

In addition, using the theory developed in [151 [T7j, we can easily 
verify the following proposition. 

Proposition 3.10. The ideal (Z') generated by the normal element Z' 
is a prime ideal of the algebra U^~ S (B 2 ). Furthermore, the ideal (Z f ) is 
a primitive ideal of the algebra U^ S {B 2 ). 

Proof: Since the algebra U+ S (B 2 ) can be embedded into a subalgebra 
C^sfe^ 1 , ef 1 , Z, Z'\ of the Goldie quotient ring of U+ S (B 2 ), the quotient 
algebra U+ S (B 2 )/(Z') can be embedded into the ring C rjS [ef l , ef \ Z\ 
which is obviously a domain. Therefore, we have proved that (Z') is 
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a (completely) prime ideal of U^~ S (B 2 ). In addition, we can verify that 
the center of the localization of U^ S (B 2 ) f(Z') with respect to the Ore 
set associated to the prime ideal Z' (see [15] for the information on 
this Ore set) is the base field C. Using Theorem 5.3. in [15] . we can 
prove that (Z') is the only prime ideal in the stratum associated to 
the invariant ideal (Z'). As a result, the prime ideal (Z') is also a 
primitive ideal of U^ S (B 2 ). □ 
In addition, due to the fact that the algebra U+ S (B 2 ) satisfies the nor- 
mal separation and aZ m Z' n are the only normal elements of U^~ S (B 2 ), 
we have the following result. 

Proposition 3.11. The ideal (0) is the only element in Spec^(U^~ s (B 2 )) . 
Therefore, we know that that the prime ideal (0) is a primitive ideal of 
the algebra U^~ S (B 2 ). Therefore, the algebra U^ S (B 2 ) is primitive. 

□ 

In addition, it is easy to see that we have the following. 

Theorem 3.7. (1) The algebra U+ S (B 2 ) has 8 7i— invariant prime 
ideals, which are listed as follows: 

(0),(Z),(Z'),(e 3 ), 
(ei), (ei), (e 2 ), (e 1 ,e 2 ). 

(2) The stratification of the prime ideals of the algebra U^~ S (B 2 ) is 
given as follows: 

Spec i0) (U+ s (B 2 )) = {(0)}; 
Spec (z) (U+ s (B 2 )) = {(Z)}; 
Spec (z/) (U+ S (B 2 )) = {(£')}; 
Spec {e3) (U+ s (B 2 )) = {(e 3 )}; 
Spec^(U+ (B 2 )) = {(ei)}; 
Spec {ei) (U+ (B 2 )) = {(e x )} U {(e 1; e 2 - y) \ fi e C*}; 
Spec (e2) (U+ s (B 2 )) = {(e 2 )} U {(e a - A, e 2 ) | A e C*}; 

Spec( ei ,e 2 )(U+ s (B 2 )) = {(ei,e 2 )}. 

□ 

As a result, we have the following description of the primitive ideals 
of the algebra U+ S (B 2 ). 



PRIME IDEALS AND AUTOMORPHIMS OF U+ S (B 2 ) 



23 



Theorem 3.8. The stratification of the primitive ideals of the algebra 
U+ S (B 2 ) is given as follows: 

Prim {0 )(U+ s (ft)) = {(0)}; 
Prim (z) (U+ s (B 2 )) = {(Z)}; 
Prim (z/) (U+ S (B 2 )) = {{Z')}; 
Prim (e3) (U+ s (B 2 )) = {(e 3 )}; 
Prim { ^{U+ s {B 2 )) = 
Prim {ei) (U+ s (B 2 )) = {( ei ,e 2 -fi) | fi G C*}; 
Prim {e2) {U+ s {B 2 )) = {( ei - A, e 2 ) | A G C*}; 

Prim [eiie2) (U+ s (B 2 )) = {{e u e 2 )}. 

□ 

3.6. The automorphism group of the algebra Uf s (B 2 ). As the 
defining relations of the algebra U^ S (B 2 ) are homogeneous in the given 
generators ei,e 2 , there is an N— grading on the algebra U+ S (B 2 ) ob- 
tained by assigning to e; the degree 1. Let 

be the corresponding decomposition, with U^~ s (B 2 )i being the subspace 
of homogeneous elements of degree i. In particular, we have that 
U^ S (B 2 ) = C and U+ s (B 2 )i is the two-dimensional space spanned 
by the generators ei,e 2 . For any t G N, we can set U+ s (B 2 )> t = 

®i>t U U B ^)i and defme V <t = ® l <t U U B *)i- We sa y that the 
nonzero element u G U^ s (B 2 )> t — U^ s {B 2 )< t -i has degree t, and write 
deg(u) = t. Since the algebra U^ S {B 2 ) is a domain, we have deg(uv) = 
degiu) + degiv) for u, v ^ 0. 

Now we recall the following definition from reference [22J. 

Definition 3.3. Let A = Q) ieN Ai be an N— graded C— algebra with 
A = C, which is generated as an algebra by A 1 = Cxi © • • • © Cx n . If 
for each i G {1, n}, there exists ^ a G A and a scalar qi such that 
Xia = qiOXi, then we say that A is an N— graded algebra with enough 
q— commutation relations. 

According to [22], it is easy to see that we have the following results. 

Proposition 3.12. The algebra U^ S (B 2 ) endowed with the gradation as 
just defined, is a connected N— graded algebra with enough q— commutation 
relations. 
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□ 

Corollary 3.3. Let a E Aut(U+ s (B 2 )) and x E U+ s (B 2 ) d - 0, then 
=Vd + V y >d where y d E U+ s (B 2 ) d - and y d E U+ s (B 2 )> d+1 . 

□ 

In order to proceed, we need to establish some basic identities. First 
of all, recall that we have denoted by ej$ = eie 2 — s 2 e 2 e\. We have the 
following lemma. 

Lemma 3.8. Let us assign degree 1 to both of the generators e\,e 2 . 
Then we have 

Z' = r 2 s 2 (l-r- 2 s 2 )Ze 1 + (l-r- l s)(l-r- 2 s 2 )e 3 e 1 e 2 

+r~V(l - r _1 s)e3 

= r 2 (l - r- 2 s 2 )(s 2 Z + (1 - r- 1 s)e 3 e 2 )e 1 + (1 - r- 1 s)e\ 

= (rs) _1 (l — r _1 s)e 3 e3 + rs(l + r~ 1 s)Zei 

= (rs) -1 (l -r _1 s)(ei) 2 + ue 1 

for some homogeneous element u E U^ S (B 2 ) of degree 3. 

Proof: These identities can be verified via brutal force calculations, 
and we will not repeat them here. □ 

Lemma 3.9. Let o E Aut(U^ s (B 2 )) be an algebra automorphism of 
U+ S (B 2 ), then we have the following 

a(Z) = XZ, a(Z') = fiZ' 

for some A, \i E C*. 

Proof: Since the normal elements of the algebra U^~ S (B 2 ) are just 
aZ m (Z') n and the normal elements are sent to normal elements by the 
algebra automorphism a, we have that o~(Z) = XZ or o~(Z) = XZ' for 
some X E C*. Via the commuting relations between ei,e 2 and Z, Z', 
we can further prove that o~{Z) = XZ and c(Z') = fiZ' as desired. □ 

Theorem 3.9. Let o E Aut(U+ s (B 2 )) . Then we have the following 

a(ei) = anei, cr(e 2 ) = a 2 e 2 

for some ai,a 2 E C*. In particular, we have the following 

Aut(U+ s (B 2 )) (C*) 2 . 

Proof: (Our proof follows the argument used in [21J for the case of 
Ug(B 2 )) Let a E Aut{U+ s (B 2 )) be an algebra automorphism of the 
algebra U^ S {B 2 ). Based on the graded arguments, we shall have the 
following 

a(Xi) = a { Xi + Ui 
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for % = 1, 2, 3, 4 and the Ui is of higher degree than the Xj unless Ui is 
zero. 

For i — 1,2 and 3, let us set d, L = deg(a(ei)) and d 4 = a(s 2 Z + (1 — 
r~ 1 s)e 3 e 2 ). Let us further set d' 3 = deg{a(e 3 )). We have that d\, d 2 > 1 
and c?4 > 3 and ds, d' 3 > 2. It suffices to show that d\ = d 2 = 1- 

Since Z is fixed by a up to a non-zero scalar, we have that deg(a(Z)) = 
3. Suppose that we have d 2 + d% > 3. Since Z' is also fixed by a up to 
a non-zero scalar, we have that d\ + rf 4 = c?i + d 2 + c?3 = 2rf 3 > 4, which 
implies d± + d 2 — d 3 > 2. Thus we have that d 3 + d' 3 > 4. So we have 
that 3 + d 1 = d 3 + d 3 , which implies that d 2 + d' 3 = 3. This implies that 
d 2 — 1 and d' 3 = 2. If d 2 + d 3 = 3, then we have d 2 = l,d 3 = 2. So 
we always have d 2 — 1 and either d% = 2 or d 3 = 2. In either case, we 
shall have d\ — 1 as desired. Using the commuting relations between 
(ei), e 2 and Z, and the fact that a fixes Z up to a non-zero scalar, we 
can finish the proof of the theorem. □ 

It is obviously that the automorphism group Aut(U^~ s (B 2 )) acts on 
the set of primitive ideals. In particular, we have the following result. 

Proposition 3.13. The Aut(U+ s (B 2 ))- orbits within the primitive spec- 
trum Prim(U+ s (B 2 )) coincide with the H— strata of Prim{U+ s {B 2 )). 
That is, the action of Aut(U^ s (B 2 )) on Prim(U^ s (B 2 )) has exactly 8 
orbits 

Prim {0) (U+ s (B 2 )) = {(0)}; 
Prim {Z) (U+ (B 2 )) = {(Z)}; 
P ri m {z/) (U+ S (B 2 )) = {(Z>)}; 
Prim {es) (U+ s (B 2 )) = {(e 3 )}; 
Prim m (U+ s (B 2 )) = {(ei)} 
Prim {ei) (U+(B 2 )) = {(ei,e 2 - //) | // G C*}; 
Prim (e2) (U+(B 2 )) = {( ei - A, e 2 ) | A e C*}; 

P™ (ei , e2) (C/+(5 2 )) = {( ei ,e 2 )}. 

□ 
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